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CHARACTERIZATIONS OF NESTED GVZ-GROUPS
BY CENTRAL SERIES
SHAWN T. BURKETT AND MARK L. LEWIS
Abstract. Many properties of groups can be defined by the existence of a
particular normal series. The classic examples being solvability, supersolv-
ability and nilpotence. Among the nilpotent groups are the so-called nested
GVZ-groups — groups where the centers of the irreducible characters form a
chain, and where every irreducible character vanishes off of its center. In this
paper, we show that nested GVZ-groups can be characterized by the existence
of a certain ascending central series, or by the existence of a certain descending
central series.
1. Introduction
Throughout this paper, all groups are finite. We will let Irr(G) denote the set
of irreducible characters of a group G. Given a character χ of G, the vanishing-
off subgroup of χ, denoted V (χ), is the subgroup generated by all elements g of
G satisfying χ(g) 6= 0. This subgroup is introduced by Isaacs in [5, Chapter 12].
He calls this the vanishing-off subgroup since it is the smallest subgroup of G so
that χ vanishes off of it. In [7], the second author defines the subgroup V (G) to
be the subgroup generated by all elements g of G satisfying ψ(g) 6= 0 for some
nonlinear irreducible character ψ of G. In that paper, he studies this subgroup
and a number of its properties. One of the results that he is able to prove is that
V (G) =
∏
χ∈Irr(G) V (χ). He also shows that it is the smallest subgroup of G for
which every nonlinear irreducible character of G vanishes off of.
Some of the results regarding V (G) are generalized by Mlaiki in [10] to case
of the irreducible characters of G not containing a fixed normal subgroup N in
their kernels. With this in mind, another variation V (G | N) of the vanishing-off
subgroup is introduced. For a normal subgroup N of G, the subgroup V (G | N)
is defined to be the subgroup generated by all elements g of G satisfying ψ(g) 6= 0
for some irreducible character ψ of G satisfying N  ker(ψ). This subgroup is
the smallest subgroup V so that every irreducible character ψ of G satisfying N 
ker(ψ) also satisfies ψ(g) = 0 for all g ∈ G \ V . These subgroups will be discussed
in much more detail in Section 2.
In Section 3 of this paper, we define an analog U(G | N) of V (G | N). This
subgroup arises from a Galois connection on the lattice of normal subgroups of
G, and is the largest subgroup U of G so that every irreducible character ψ of G
satisfying U  ker(ψ) also satisfies ψ(g) = 0 for all g ∈ G \ N . In particular,
when N = Z(G), the subgroup U(G) = U(G | Z(G)) effectively identifies a set
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of irreducible characters that are fully ramified over the center; i.e., irreducible
characters that vanish off of the center.
In [6], the second author defines a group G to be a VZ-group, if every nonlinear
irreducible character vanishes off of Z(G). We note that the VZ- here is standing
for vanishing off of the center. Observe that one may characterize a VZ-group G
as a group satisfying V (χ) = Z(G) for all nonlinear irreducible characters χ of G.
Equivalently, G is a VZ-group if and only if V (G) = Z(G). We note that VZ-groups
had earlier been studied by Kuisch and van der Waall in [13] and by Ferna´ndez-
Alcober and Moreto´ in [3]. We can give another characterization of VZ-groups in
terms of U(G).
Theorem A. Let G be a group. Then G is a VZ-group if and only if U(G) = [G,G].
A natural generalization of the definition of a VZ-group is to instead require that
V (χ) = Z(χ) for all irreducible characters χ of G, where here Z(χ) = {g ∈ G :
|χ(g)| = χ(1)} is the center of χ. These groups are introduced by Nenciu in [11]
where she coins the term generalized vanishing center group, or simply GVZ-group.
The groups Nenciu studies in [11] also satisfy a second hypothesis that generalizes
VZ-groups. Observe that if G is a VZ-group, then every irreducible character χ of
G satisfies either Z(χ) = G or Z(χ) = Z(G). In particular, either Z(χ) ≤ Z(ψ)
or Z(ψ) ≤ Z(χ) for all characters χ, ψ ∈ Irr(G); i.e., the set of centers of the
irreducible characters, {Z(χ) : χ ∈ Irr(G)}, forms a chain. A group satisfying this
condition is called a nested group, and when G is a nested group, we say the set
of subgroups of G that occur as centers of the irreducible characters is the chain
of centers for G (see [8] for details regarding the chain of centers). It is interesting
to note that the study of both nested groups, and GVZ-groups were suggested
by Berkovich as Problems #24 and #30, respectively, in Research Problems and
Themes I of [1].
The nested GVZ-groups are the groups that Nenciu studies in [11], and also in
the subsequent paper [12]. Recently in [8], the second author generalizes several
results of Nenciu about nested GVZ-groups to nested groups. Among these results
is a description of all irreducible characters of a nested GVZ-group that have a
fixed center. This result, appearing as as Lemma 2.6 in [8], allows us to explicitly
describe U(G) for a nested GVZ-group G. It is exactly this result that allows us
to use the construction U(G) mentioned above to give a characterization of nested
GVZ-groups in terms of the existence of certain central series.
One can show that a nested GVZ-group is a p-group up to a central direct
factor (see [11, Corollary 2.5]). We generalize this result to any group G satisfying
U(G) > 1.
Theorem B. Let G be a group. If U(G) > 1, then G = P × Q, where Q is an
abelian p′-group and P is a p-group for some prime p. Furthermore, U(G) = U(P ).
Thus, it suffices to assume that G is a nonabelian p-group. We define in Section 4
a sequence of subgroups υi reminiscent of the upper central series of G: 1 = υ0 ≤
υ1 ≤ υ2 ≤ · · · , where υi+1/υi = U(G/υi) for each integer i ≥ 0. The quotients
υi+1/υi are central by definition, but its terminal member υ∞ will not reach G in
general. The next Theorem describes exactly when this happens.
Theorem C. A nonabelian p-group G satisfies υ∞ = G if and only if G is a nested
GVZ-group. In this event, if G = X0 > X1 > · · · > Xn > 1 is the chain of centers
for G, then υi = [G,Xn−i] for each 0 ≤ i ≤ n, and υn+1 = G.
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As a consequence of Theorem C, we see that nested GVZ p-groups can be defined
via the existence of an ascending central series. We also will show that nested
GVZ p-groups may be defined in terms of a descending central series, which we
now describe. We define a chain of subgroups G = ǫ1 ≥ ǫ2 ≥ · · · by setting
ǫi+1 = V (G | [ǫi, G]) for each integer i ≥ 1. We also let ǫ∞ denote the terminal
member of this sequence. Similarly to the above, the quotients ǫi/ǫi+1 are central
in G/ǫi+1, but this is also not a central series in general.
Theorem D. A nonabelian p-group G satisfies ǫ∞ = 1 if and only if G is a nested
GVZ-group. In this event, if G = X0 > X1 > · · · > Xn > 1 is the chain of centers
for G, then ǫi+1 = Xi for each 0 ≤ i ≤ n, and ǫn+2 = 1.
In particular, whenever G is a nested GVZ-group, these central series recover not
only the centers of the irreducible characters of G, but also the subgroups [Z(χ), G]
for χ ∈ Irr(G). The importance of the latter subgroups to the structure of a nested
GVZ-group is illustrated by Lewis in [8].
Observe that if υi is a proper subgroup of [G,G], then υi+1 will be contained
in [G,G]. In particular, since U(G/[G,G]) = G/[G,G], as G/[G,G] is abelian, we
have that υ∞ = G if and only if υn = [G,G] for some n. Similarly, ǫ∞ = G if and
only if ǫn = Z(G) for some n. Therefore, Theorems C and D can be combined into
a single theorem that relates the lengths of these series to the number |cd(G)| of
irreducible character degrees of a nested GVZ-group G. This is the main result of
the paper.
Theorem E. Let G be a p-group. The following are equivalent:
(1) G is a nested GVZ-group and |cd(G)| = n.
(2) υn = G and υn−1 = [G,G].
(3) ǫn+1 = 1 and ǫn = Z(G).
Moreover, in the event that G is a nested GVZ-group with chain of centers G =
X0 > X1 > · · · > Xn > 1, we have υi = [G,Xn−i] and ǫi+1 = Xi for each
1 ≤ i ≤ n.
2. Preliminaries
In this section, we discuss vanishing-off subgroups, nested groups, and GVZ-
groups. Before doing so, however, we will fix some notation, which is standard. For
a normal subgroup N of G, we will identify the irreducible characters of G/N with
the irreducible characters of G containing N in their kernels. For this reason, we let
Irr(G/N) = {χ ∈ Irr(G) : N ≤ ker(χ)}. We let Irr(G | N) denote the complement
of Irr(G/N) in Irr(G). Given a normal subgroup N of G, and a character ϑ of G,
we let IG(ϑ) denote the intertia subgroup of ϑ, which is the set of elements of G
fixing ϑ under the natural action of G on Irr(N). We will denote the G-conjugacy
class of an element g ∈ G by clG(g).
Let χ ∈ Irr(G). As in [5, Chapter 12], we define V (χ) to be the subgroup
generated by all elements g ∈ G for which χ(g) 6= 0. Then V (χ) is a normal
subgroup of G, and is the smallest normal subgroup V of G such that χ vanishes
on G \ V . Following [10], we define for a normal subgroup N of G the subgroup
V (G | N) to be the subgroup generated by all g such that χ(g) 6= 0 for some
χ ∈ Irr(G | N). Then V (G | N) is the smallest subgroup V of G such that every
χ ∈ Irr(G | N) vanishes on G \ V . Also note that if N = 1, then V (G | N) = G.
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Lemma 2.1. The following statements hold for every pair H,N of normal sub-
groups of G.
(1) N ≤ V (G | N).
(2) V (G | HN) = V (G | H)V (G | N).
(3) If N ≤ H, then V (G | N) ≤ V (G | H).
(4) If N ≤ H, then V (G/N | H/N)V (G | N)/N = V (G | H)/N .
(5) V (G | N) =
∏
χ∈Irr(G|N) V (χ).
Proof. To see (1), suppose that there exists n ∈ N \ V (G | N). Then χ(n) = 0 for
each χ ∈ Irr(G | N), and n lies in the kernel of every other irreducible character
of G. By column orthogonality (e.g., see Theorem 2.18 of [5]), one sees that |N | =
|clG(n)|, which is strictly less than |N |. Thus no such n exists.
We now show (2). To accomplish this, we show that Irr(G | HN) = Irr(G |
H) ∪ Irr(G | N). Let χ ∈ Irr(G | HN) and without loss assume that H ≤ ker(χ).
Since HN /∈ ker(χ), N cannot be contained in ker(χ), so χ ∈ Irr(G | N). The
reverse containment is obvious. Thus, we have
V (G | HN) =
∏
χ∈Irr(G|HN)
V (χ) =
∏
χ∈Irr(G|H)
∪Irr(G|N)
V (χ)
=
∏
χ∈Irr(G|H)
V (χ)
∏
χ∈Irr(G|N)
V (χ)
= V (G | H)V (G | N).
Property (3) is immediate from the fact that Irr(G | N) ⊆ Irr(G | H) whenever
N ≤ H .
Next, we show (4). Observe that since N ≤ H , we have N ≤ V (G | H), and also
that
Irr(G | H) = Irr(G | N) ∪
(
Irr(G | H) ∩ Irr(G/N)
)
.
It follows that
V (G | H) = V (G | N) ·
∏
χ∈Irr(G/N)
Hker(χ)
V (χ),
and the result follows by reducing modulo N .
Finally, we show (5). Observe that
V (G | N) = 〈g ∈ G : χ(g) 6= 0 for some χ ∈ Irr(G | N)〉
= 〈g ∈ G : g ∈ V (χ) for some χ ∈ Irr(G | N)〉
≤
∏
χ∈Irr(G|N)
V (χ).
The reverse containment is clear. 
It is an elementary exercise to show that every χ ∈ Irr(G) satisfies the inequality
χ(1)2 ≤ |G : Z(χ)|, with equality if and only if V (χ) = Z(χ) (see [5, Corollary 2.30].
Therefore, one can see that the condition of G being a GVZ-group is equivalent
to that of G satisfying χ(1)2 = |G : Z(χ)| for all characters χ ∈ Irr(G). It will at
times be advantageous for our purposes to use this description.
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We will list here the results about nested groups from [8] that will be needed in
the sequel.
Lemma 2.2 ([8, Lemma 2.2, Corollary 2.5, Lemma 2.6]). Let G be a nested group
with chain of centers G = X0 > X1 > · · · > Xn ≥ 1. The following statements
hold.
(1) Xn = Z(G).
(2) [Xi, G] < [Xi−1, G] for each 1 ≤ i ≤ n.
(3) Z(χ) = Xi for χ ∈ Irr(G) if and only if [Xi, G] ≤ ker(χ) and [Xi−1, G] 
ker(χ).
3. A Galois connection
Let G be a group, and let N be a normal subgroup of G. Define the subgroup
U(G | N) =
∏
H⊳G
V (G|H)≤N
H.
If U = U(G | N), then U is the largest normal subgroup of G for which every
member of Irr(G | U) vanishes on G \ N . In particular, if H  U , then there
exists χ ∈ Irr(G | H) that does not vanish off of N . Therefore, the subgroup
U(G | N) identifies a set of characters that, in some sense, is maximal with respect
to vanishing on G \N .
The next result yields the promised Galois connection. For more information on
Galois connections, we refer the reader to [2].
Lemma 3.1. Let H and N be normal subgroups of a group G. Then H ≤ U(G |
N) if and only if V (G | H) ≤ N . In particular the maps N 7→ U(G | N) and
N 7→ V (G | N) give a (monotone) Galois connection from the lattice Norm(G) of
normal subgroups of G to itself.
Proof. If V (G | H) ≤ N , then it is clear from the definition that H ≤ U(G | N). If
H ≤ U(G | N), then
V (G | H) ≤ V (G | U(G | N))
=
∏
K⊳G
V (G|K)≤N
V (G | K) ≤ N.

The following properties hold in general when one has a Galois connection (e.g.,
see [2]). However, we will include a proof for completeness.
Corollary 3.2. Let G be a group. In particular, the following statements hold for
each H,N ⊳G.
(1) N ≤ U(G | V (G | N)).
(2) V (G | U(G | N)) ≤ N .
(3) U(G | N) ≤ U(G | H) if N ≤ H.
(4) U(G | H ∩N) = U(G | H) ∩ U(G | N).
(5) V (G | U(G | V (G | N))) = V (G | N).
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(6) U(G | V (G | U(G | N))) = U(G | N).
(7) V (G | N) =
⋂
H⊳G
N≤U(G|H)
H.
Proof. Properties (1) and (2) follow immediately from Lemma 3.1.
Property (3) is clear from the definition of these subgroups since V (G | N) ≤
V (G | H).
To see (4), first observe that we have U(G | H ∩N) ≤ U(G | H) ∩ U(G | N) by
(3). Also we have
V
(
G | U(G | H) ∩ U(G | N)
)
≤ V (G | U(G | H)) ∩ V (G | U(G | N)),
by (3) of Lemma 2.1. By (2), the latter subgroup is contained in H ∩ N , and so
statement (4) follows from Lemma 3.1.
Now we show (5). By (1), we have N ≤ U(G | V (G | N)), and so it follows that
V (G | N) ≤ V (G | U(G | V (G | N))). Since we also have U(G | V (G | N)) ≤ U(G |
V (G | N)), the reverse containment follows from Lemma 3.1.
The proof of (6) is similar.
Let W be the intersection of all normal subgroups H satisfying N ≤ U(G | H).
Since V (G | N) ≤ H whenever N ≤ U(G | N), we have V (G | N) ≤ W . By (1),
V (G | N) is among the subgroups H in the intersection defining W , so W ≤ V (G |
N) as well. 
We now present some basic properties of U(G | N).
Lemma 3.3. Let G be a nonabelian group. The following hold.
(1) For each N ⊳G, U(G | N) is the unique largest subgroup, U ≤ G such that
every character in Irr(G | U) vanishes on G \N .
(2) For each N ⊳ G, we have g ∈ U(G | N) if and only if every χ ∈ Irr(G)
satisfying g /∈ ker(χ) vanishes on G \N .
(3) For each N ⊳G, we have U(G | N) ≤ N ∩ [G,G].
(4) If N is characteristic in G, so is U(G | N).
Proof. If every character in Irr(G | H) vanishes on G \N , then V (G | H) ≤ N , so
H ≤ U(G | N) by Lemma 3.1. This establishes (1).
To show (2), first note that for an irreducible character χ, we have g ∈ ker(χ)
if and only if 〈g〉
G
≤ ker(χ), where 〈g〉
G
denotes the normal closure of 〈g〉. Hence
every χ ∈ Irr(G) satisfying g /∈ ker(χ) vanishes on G \ N if and only if every
χ ∈ Irr(G | 〈g〉
G
) vanishes on G \ N . The latter happens if and only if V (G |
〈g〉G) ≤ N , which happens if and only if 〈g〉G ≤ U(G | N). Finally, we note that
since U(G | N)⊳G, U(G | N) contains g if and only if it contains 〈g〉
G
.
It is clear from the definition that U(G | N) ≤ N . The rest of statement (3)
follows from the fact that no linear character can vanish on any element of G. In
particular, this means that Irr(G | U(G | N)) ⊆ Irr(G | [G,G]).
Finally, we show (4). Let τ ∈ Aut(G), and let N be characteristic in G. Let
H⊳G satisfy V (G | H) ≤ N . To verify (4), it suffices to show that V (G | Hτ ) ≤ N .
To see this, we show that V (G | Hτ ) = V (G | H)τ . Since χτ (gτ ) = χ(g), it follows
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that V (χτ ) = V (χ)τ for every χ ∈ Irr(G). Also since ker(χτ ) = ker(χ)τ , we have
Irr(G | H)τ = Irr(G | Hτ ). Hence
V (G | Hτ ) =
∏
χ∈Irr(G|Hτ )
V (χ) =
∏
χ∈Irr(G|H)
V (χ)τ = V (G | H)τ .

Whenever N = Z(G), we simply write U(G) = U(G | N). We can now prove
Theorem A.
Proof of Theorem A. Suppose first that G is a VZ-group. Taking N = Z(G) in
Lemma 3.3, we see that [G,G] is the unique largest subgroup of G so that every
character in Irr(G | [G,G]) vanishes on G \ Z(G). Hence, we have U(G) = [G,G].
Conversely, if U(G) = [G,G], then every irreducible character in Irr(G | [G,G])
vanishes on G \ Z(G). That is, every nonlinear irreducible character of G vanishes
off of Z(G), and so, G is a VZ-group. 
We next consider how U(G) interacts with quotients.
Lemma 3.4. Let H,N ⊳G satisfy V (G | N) ≤ H. Then
U(G/N | H/N) = U(G | H)/N.
Proof. Let x 7→ x denote the canonical surjection G→ G/N . Define the sets
C = {K ⊳G : V (G | K) ≤ H} and D = {K ⊳G : V (G | K) ≤ H}.
We claim that D = C. However, we first show that D = C′, where
C′ = {K ⊳G : N ≤ K, and V (G | K) ≤ H}
To that end, let K ⊳G satisfy N ≤ K Then N ≤ V (G | K), and so we have
V (G | K)V (G | N)/N = V (G | K)/N.
So it follows that K ∈ D if and only if K ∈ C′, as claimed.
In particular, this gives
U(G | H) =
∏
K∈D
K =
∏
K∈C′
K =
∏
K∈C′
K.
Next note that since V (G | N) ≤ H , we have K ∈ C if and only if KN ∈ C′.
Hence
U(G | H) =
∏
K∈C
K =
∏
K∈C
KN =
∏
K∈C′
K.
The result now follows by taking quotients. 
We conclude this section by showing that a group G satisfying U(G) > 1 is
essentially a p-group in the sense that it is a p-group up to a central direct factor.
Before doing this however, we review Camina triples. A triple (G,M,N) where
N ≤ M are normal subgroups of the group G is called a Camina triple if every
character χ ∈ Irr(M | N) induces homogeneously to G. These objects were first
studied by Mattarei in his Ph.D. thesis [9]. Many more properties of Camina triples
can be found in [10], were the following two results can be found.
Lemma 3.5. (cf. [10, Theorem 2.1]) Let N ≤M be normal subgroups of the group
G. Then the triple (G,M,N) is a Camina triple if and only if V (G | N) ≤M .
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Lemma 3.6. (cf. [10, Theorem 2.10]) Let (G,M,N) be a Camina triple. If G/M
is not a p-group for any prime p, then N ∩ Z(G) = 1.
Observe that, by construction, every λ ∈ Irr(Z(G) | U(G)) is fully ramified
with respect to G/Z(G), and hence induces homogeneously to G. In particular, if
U(G) > 1 then (G,Z(G), U(G)) is a Camina triple. Note that this yields the next
result, which is the first statement of Theorem B.
Lemma 3.7. Let G be a nonabelian group. If U(G) > 1, then G = P ×Q, where
p is a p-group for some prime p, and Q is an abelian p′-group. In particular, G is
nilpotent.
Proof. Since V (G | U(G)) ≤ Z(G), we have that (G,Z(G), U(G)) is a Camina triple
by Lemma 3.5. By Lemma 3.6, G/Z(G) must be a p-group since U(G) ≤ Z(G).
Thus, if Q is a complement for a Sylow p-subgroup of Z(G), then Q is direct factor
of G. 
We also obtain a partial converse of Lemma 3.7, which includes the second
statement of Theorem B.
Lemma 3.8. Let G = P ×Q, where p is a nonabelian p-group for some prime p,
and Q is an abelian p′-group. Then
U(G) = U(P ).
Proof. Let H ⊳ G, and note that H = (P ∩ H) × (Q ∩ H). Let α ∈ Irr(P ) and
β ∈ Irr(Q), and let χ = α × β. Then since (|P |, |Q|) = 1, we have ker(α × β) =
ker(α)×ker(β). SoH ≤ ker(α×β) if and only if P∩H ≤ ker(α) and Q∩H ≤ ker(β).
In particular, this means that χ ∈ Irr(G | H) if and only if α ∈ Irr(P | P ∩ H) or
β ∈ Irr(Q | Q ∩H).
Assume that Q ∩H > 1. If ϑ ∈ Irr(Q | Q ∩H), then 1P × ϑ ∈ Irr(G | H) and
P ≤ V (1P × ϑ) ≤ V (G | H). In particular, V (G | H) 6= Z(G). Therefore, every
H ⊳ G satisfying V (G | H) = Z(G) must also satisfy H ∩ Q = 1. So let H be
one such subgroup, and note that 1 < H < P . Then every χ ∈ Irr(G | H) has the
form µ × ϑ for some µ ∈ Irr(P | H) and ϑ ∈ Irr(Q), and such a character satisfies
V (χ) = QV (ϑ). It follows that V (G | H) = QV (P | H), and so V (G | H) = Z(G)
if and only if V (P | H) = Z(P ). The result follows. 
This completes the proof of Theorem B, and also yields the following corollary.
Corollary 3.9. A nonabelian group G satisfies U(G) > 1 if and only if G/Z(G)
is a p-group for some prime p, and a Sylow p-subgroup of G satisfies U(P ) > 1.
It is clear that the subgroup U(G) is a central subgroup of G. It turns out that
this subgroup is actually contained in the socle of G.
Lemma 3.10. Let G be a nonabelian p-group. Then U = U(G) is elementary
abelian.
Proof. If U = 1, this is clear, so assume that U > 1. To reach a contradiction,
assume that exp(U) > p. Then there exists an irreducible character λ of U of order
exceeding p. Since χ(1) = |G : Z(G)|
1/2
for every χ ∈ Irr(G | U), and U is central,
it follows from [4, Lemma 4.1] that |G : IG(λ)| = |G : Z(G)|
1/2, which cannot be
since λ is G-invariant and G is nonabelian. Thus no such λ exists and it follows
that U is elementary abelian. 
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Combining this result with Lemmas 3.7 and Lemma 3.8, we have the following
corollary.
Corollary 3.11. For every nonabelian group G, the subgroup U(G) is elementary
abelian.
Remark 3.12. In [7], the second author showed that the quotient G/V (G) is ele-
mentary abelian whenever G has a nonabelian nilpotent quotient. The previous
result may be considered an analog of this result. In fact, it also shown in this
paper that if G is nonabelian and nilpotent, and V (G) < G, then G = P × Q,
where P is a p-group and Q is an abelian p′-group. In particular, Lemma 3.7 may
also be considered an analog of a result appearing in [7].
4. Central Series and Nested GVZ-Groups
In this section, we will prove the main results of the paper. We first work towards
proving Theorem C. Recall that we defined the subgroups υi(G) by υ0(G) = 1 and
υi+1(G)/υi(G) = U(G/υi(G)) for each i ≥ 0. When there is no ambiguity, we will
write υi instead of υi(G). Note that the quotient groups υi+1/υi are central in
G/υi, and are elementary abelian. We wish to determine conditions that guarantee
that this sequence of groups terminates in G. We recall here that if υi < [G,G],
then υi+1 ≤ [G,G]. We also remark that if G is abelian, then U(G) = G.
In the event that the p-group G is a nested GVZ-group, we obtain an alternative
description of U(G). In particular, we can show that U(G) > 1 in this case.
Lemma 4.1. Let G be a p-group. If G is nested GVZ-group with chain of centers
G = X0 > X1 > · · · > Xn > 1. Then U(G) = [Xn−1, G].
Proof. First note that Xn = Z(G) by [8, Lemma 2.2]. Also, from [8, Lemma 2.6],
it follows that every χ ∈ Irr(G | [Xn−1, G]) has degree |G : Z(G)|
1/2
. In particular,
every χ ∈ Irr(G | [Xn−1, G]) vanishes on G \ Z(G), and so [Xn−1, G] ≤ U = U(G).
Now let χ ∈ Irr(G | U). Then χ vanishes on G \ Z(G), so Z(χ) = Z(G). By
[8, Lemma 2.6], we have χ ∈ Irr(G | [Xn−1, G]) and so it follows that Irr(G | U) ⊆
Irr(G | [Xn−1, G]). This means that Irr(G/[Xn−1, G]) ⊆ Irr(G/U) and so
U =
⋂
χ∈Irr(G/U)
ker(χ) ≤
⋂
χ∈Irr(G/[Xn−1,G])
ker(χ) = [Xn−1, G].

To prove Theorem C, we will induct on |G|. The next result is the key to this
approach.
Lemma 4.2. The group G is a nested GVZ-group if and only if G/U(G) is.
Proof. If G is a nested GVZ-group, it is clear that every quotient of G is as well.
So assume that G/U(G) is a nested GVZ-group, and note that we must have
U = U(G) > 1 by Lemma 4.1. Since G/U is a GVZ-group, every χ ∈ Irr(G/U)
vanishes on G \ Z(χ). We also have that every χ ∈ Irr(G | U) vanishes off of
Z(G). So G is a GVZ-group. Let ψ, χ ∈ Irr(G), and assume that Z(ψ)  Z(χ).
Then ψ /∈ Irr(G | U), since if it were, we would have Z(ψ) = Z(G) ≤ Z(χ). So
ψ ∈ Irr(G/U). If Z(χ) = Z(G), then Z(χ) ≤ Z(ψ). Otherwise, χ ∈ Irr(G/U) and
so Z(χ)/U ≤ Z(ψ)/U , as G/U is nested. In either case, we have Z(χ) ≤ Z(ψ) and
it follows that G is nested. 
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We are now ready to prove Theorem C.
Proof of Theorem C. We first prove that any group satisfying υ∞(G) = G is a
nested GVZ-group by induction on |G|. Let U = U(G), which must be nontrivial
by Lemma 4.1. Then υ∞(G/U) = G/U , so G/U is a nested GVZ-group by the
inductive hypothesis. Hence G is also a nested GVZ-group by Lemma 4.2.
Now let G be a nested GVZ-group with chain of centers G = X0 > X1 > · · · >
Xn > 1. We show that υi = [Xn−i, G] for each 1 ≤ i ≤ n by induction on i. By
Lemma 4.1, we have υ1 = [Xn−1, G]. Let i ≥ 1 and assume that υi = [Xn−i, G].
Then, by Lemma 2.2, we have that Z(G/υi) = Xn−i/υi, and also that [Xn−i, G] <
[Xn−i−1, G]. Therefore, it follows from Lemma 4.1 that
υi+1/υi = U(G/υi) = [Xn−i−1/υi, G/υi] = [Xn−(i+1), G]/υi,
as required. It now follows that υn = [G,G], and so υn+1 = G. 
We now work towards proving Theorem D. Recall from the introduction that
ǫ1 = G, and ǫi+1 = V (G | [ǫi, G]) for all integers i ≥ 1. We first show that
ǫi+1 ≤ ǫi, so that we do in fact have a decreasing chain of subgroups.
Lemma 4.3. For each i ≥ 1, ǫi+1 is a subgroup of ǫi.
Proof. We verify this by induction on i. If i = 1, this is clear. So let i ≥ 2, and
assume that ǫi+1 ≤ ǫi. Let χ ∈ Irr(G | [ǫi+1, G]); then χ ∈ Irr(G | [ǫi, G]) and
so χ vanishes off V (G | [ǫi, G]) = ǫi+1. This forces V (G | [ǫi+1, G]) ≤ ǫi+1, as
required. 
Remark 4.4. It is not true in general that V (G | [N,G]) ≤ N for a normal subgroup
N of G containing Z(G).
Observe that ǫi/ǫi+1 ≤ Z(G/ǫi+1), for each i ≥ 1, since [ǫi, G] ≤ V (G | [ǫi, G]) =
ǫi+1. Also observe that if ǫi > Z(G) for some i, then [ǫi, G] > 1. Therefore the set
Irr(G | [ǫi, G]) is nonempty, and so it follows that ǫi+1 ≥ Z(G).
Lemma 4.5. Assume that ǫℓ(G) = Z(G). If V (G | N) ≤ Z(G), then ǫℓ(G/N) ≤
Z(G/N).
Proof. We claim that ǫi(G/N) ≤ ǫi(G)/N for each 0 ≤ i ≤ ℓ and verify by induction
on i. This claim is clear if i = 0, so assume the claim holds for some 0 ≤ i ≤ ℓ− 1.
Then
ǫi+1(G/N) = V (G/N | [ǫi(G/N), G/N ])
≤ V (G/N | [ǫi(G)/N,G/N ])
= V (G/N | [ǫi(G), G]N/N)
= V (G | [ǫi(G), G])V (G | N)/N
≤ ǫi+1(G)Z(G)/N
= ǫi+1(G)/N,
and the claim is verified. Therefore,
ǫℓ(G/N) ≤ ǫℓ(G)/N = Z(G)/N ≤ Z(G/N),
as desired. 
We may now prove Theorem D.
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Proof of Theorem D. We prove the forward direction by induction on |G|. Assume
that ǫ∞ = 1, say ǫℓ+1 = 1 and ǫℓ > 1. Then ǫℓ ≤ Z(G). It is clear that Z(G) ≤ ǫℓ, so
Xn = Z(G) = ǫℓ. This means that every χ ∈ Irr(G | [G, ǫℓ−1]) vanishes on G\Z(G),
so 1 < [ǫℓ−1, G] ≤ U(G) ≤ ǫℓ. By Lemma 4.5, we have that ǫ∞(G/U(G)) = U(G),
so by the inductive hypothesis, G/U(G) is a nested GVZ-group. Hence G is also a
nested GVZ-group by Lemma 4.2.
Now let G be a nested GVZ-group. Then every nonlinear character of G vanishes
on G \X1, so ǫ2 = V (G | [G,G]) ≤ X1. But since G is a GVZ-group and X1 is the
center of some χ ∈ Irr(G), we have that X1 = V (χ) ≤ ǫ2; hence ǫ2 = X1. So now
we may assume that for some i ≥ 1 that ǫi+1 = Xi. Then
V (G/[Xi+1, G] | [Xi, G]/[Xi+1, G]) ≤ V (G | [Xi, G])/[Xi+1, G]
= V (G | [ǫi+1, G])/[Xi+1, G]
= ǫi+2/[Xi+1, G],
so we have that every χ ∈ Irr(G/[Xi+1, G] | [Xi, G]/[Xi+1, G]) vanishes on G \
ǫi+2. By Lemma 2.2(c), we have that Z(χ) = Xi+1 for all such χ; it follows that
Xi+1 ≤ ǫi+2. Since ǫi+2 is the product of some collection of Xjs, and G is nested,
ǫi+2 = Xj for some j. But we have Xi+1 ≤ ǫi+2 < ǫi+1 = Xi, so it must be that
Xi+1 = ǫi+2. 
We conclude by proving Theorem E.
Proof of Theorem E. If G is a nested GVZ-group with chain of centers G = X0 >
X1 > · · · > Xn > 1, then cd(G) = {|G : Xi|
1/2
: 0 ≤ i ≤ n} and |cd(G)| = n + 1.
Also, as mentioned earlier, if n is the smallest integer so that υn+1 = G, then n
must also be the smallest integer so that υn = [G,G]. So (a) and (b) are equivalent
by Theorem C. Similarly, (a) and (c) are equivalent by Theorem D. 
Let G be a nested GVZ-group with chain of centers G = X0 > X1 > . . . >
Xn > 1. As a consequence of Theorem E, we obtain that υi = [Xn−i, G] for each
0 ≤ i ≤ n. In particular, [Xi−1, G]/[Xi, G] is an elementary abelian p-group for
each 1 ≤ i ≤ n. By Lemma 4.5 of [8], this actually holds as long as G is nested.
Lewis also shows that Xi−1/Xi is elementary abelian, and so we have that ǫi/ǫi+1
is elementary abelian. This means that for a nested GVZ-group G, the υ-series can
be thought of as an ascending exponent-p central series for [G,G], and the ǫ-series
gives rise to a descending exponent-p central series for G/Z(G).
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